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Abstract 

We prove the relation between the Hodge structure of the double cover of a 
nonsingular cubic surface branched along its Hessian and the Hodge structure 
of the triple cover of branched along the cubic surface. And we introduce 
a method to study the infinitesimal variations of Hodge structure of the double 
cover of the cubic surface. Using these results, we compute the Neron-Severi 
lattices for the double cover of a generic cubic surface and the Fermat cubic 
surface. 



1 Introduction 

Let X C be a nonsingular cubic surface over the complex numbers C. It is well- 
known that X contains 27 lines in P'^. A point p G X is called an Eckardt point if 
there are three lines through p on X. The classification of nonsingular cubic surfaces 
by the configuration of their Eckardt points is given in the book [Tl|. Although the 
configuration of the Eckardt points varies by a deformation of X, the Neron-Severi 
lattice for X is constant. In order to detect the difference of the configuration of the 
Eckardt points, we consider the Neron-Severi lattice for the double cover of X branched 
along its Hessian. Let B (Z X he the zeros of the Hessian of the defining equation of X. 
Then B has at most node as its singularities, and a point p G A is a node of B if and 
only if p is an Eckardt point on X. Therefore an Eckardt point on X corresponds to 
an ordinary double point on the finite double cover Y' over X branched along B. Let 
: y — )■ A be the composition of the minimal resolution of Y' and the finite double 
cover. Then an Eckardt point e on A corresponds to the (— 2)-curve 0~^(e) on Y, and 
a line L on A splits by the pull-back 0* into two (— 3)-curves and L~ on Y, where 
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we can chose the component of 0*L so that the union of 27 rational curves 
is a disjoint union. We remark that y is a minimal surface of general type with the 
geometric genus 4, and the double cover cj) is the canonical morphism of Y . In this 
paper, we regard an Eckardt point e on X as the class [0~^(e)] in the Neron-Severi 
lattice of Y , and we compute the Hodge structure on H^{Y, Z). 

There is another way to study cubic surfaces by using the Hodge structure of some 
associated variety. Let p : — be the triple Galois cover branched along a cubic 
surface X. The Hodge structure on H^iV, Z) with the Galois action was considered by 
Allcock, Carlson and Toledo P to understand the moduli space of cubic surfaces as a 
ball quotient. In this paper, we investigate the relation between the Hodge structures 
H'^{Y, Z) and H^{V, Z), and we prove that there is an isomorphism 



of Hodge structures. More precise statement in Z-coefiicients is given in Theorem 15.81 
We remark that is a nonsingular cubic 3- fold in P^, and the Hodge structures of 
cubic 3-folds were studied by Clemens- Griffiths [3j and Tjurin [12]. Let S be the set of 
lines on a nonsingular cubic 3-fold V C P^. It is a nonsingular projective surface, which 
is called the Fano surface of lines on V. Then the isomorphisms of Hodge structures 
H^{V,Z){1) ~ H\S,Z) and H\S,Q) ~ H^{S,Q) are proved there. In order to 
relate the Hodge structure H'^{Y, Q) with H'^{S, Q), we regard the surface F as a kind 
of variety of lines. Let A(P^) be the Grassmannian variety of all lines in P^. We show 
that Y is isomorphic to the variety 

Y3 = {(p, L) G P^ X A(P^) I L intersects X at p with the multiphcity > 3}, 

and the double cover (p : Y ^ X corresponds to the first projection Y3 — )■ X; {p, L) 1— )■ p. 
Then the second projection Y-^ A(P^); (p, -L) L is a birational morphism to its 
image C A(P^), and the Fano surface S of the triple cover V of P^ is a triple cover of 



Z^hy S-^ Z3; L ^ p{L). By the isomorphism H'^{S, Q)G^i('') ~ H'^{Zz, Q) ^ 



we get the isomorphism (11. ip . 

By using this isomorphism (Theorem 15. 8p . we compute the Neron-Severi lattice 
NS {Y) of Y . For a generic cubic surface X, we prove the theorem of Noether-Lefschetz 
type (Theorem 16.11) . which says that NS {Y) is generated by (— 3)-curves on Y corre- 
sponding to lines on X for a generic cubic surface. We use the theory of the infinitesimal 
variations of Hodge structures [2] to compute that the rank of NS {Y) is 28 for a generic 
cubic surface X. We introduce a method to compute the Hodge cohomology H'^(Y, f2y) 
for Y, which is a generalization of the classical method by Griffiths [6J. And it enables 
us to compute the infinitesimal variations of Hodge structure of Y. In order to prove 
that the (— 3)-curves on Y generate the Neron-Severi group over Z, we need the com- 
putation of the determinant of the lattice, for which the identification in Theorem 15.81 




(1.1) 
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is used. For a special cubic surface, the rank of NS (Y) is grater than 28. If X is the 
Fermat cubic surface, then NS (Y) is of rank = 44, and the Q- vector space 

Q ® NS (Y) is generated by (— 2)-curves corresponding to their Eckardt points and 
(— 3)-curves corresponding to lines on X. More precisely, the generator of NS (Y) over 
Z is given in Theorem 16.61 For the proof of Theorem 16.61 we use the computation of the 
Neron-Severi lattice of the Fano surface 5* for the Fermat cubic 3-fold by RouUeau |10j . 

The contents of this paper is the foUowings. In Section [21 we introduce the variety Y^ 
for a nonsingular cubic surface X, and compute the numerical invariants for the surface 
Is. In Section [31 we prove that the first projection — )■ X is the double cover branched 
along the Hessian B. And we compute the intersection number on y = K} of the curve 
0~^(e) corresponding to an Eckardt point e on X and the curves corresponding to 
a line L on X. Then we give some relations of these curves in the Neron-Severi group 
of Y. In Section [H we review some results on nonsingular cubic 3-folds and their Fano 
surfaces in |3] and [H]. In Section [SI we prove the relation f 1 1.11) between the Hodge 
structure of Y and the Hodge structure of the triple cover V ^ P^. And we determine 
the torsion part ^zL+ )tor lattice structure on the free part '"zL+ )free" 

Section [6l we compute the Neron-Severi lattice of Y for a generic cubic surface and the 
Fermat cubic surface. In Section [71 we give a method to describe the Hodge cohomology 
of Y, and we compute the infinitesimal variations of Hodge structure for Y. 



2 Varieties of lines 

We denote by A(P"') the Grassmannian variety of all lines in the projective space P" 
over the complex numbers C, and by Oa(pi)(1) the line bundle which gives the Pliicker 
embedding of A(P"'). We denote by r(P"') be the flag variety of all pairs {p,L) of a 
point p G P" and a line L C P" which contains the point p; 

r(p") = {{p, L) G P" X A(P") \ peL}. 

We remark that their canonical bundles are given by i^'A(P") — C^a(P")(~'^ ~ 1) and 
Kr(P^) ~ <f*Cpn(-2)®iP'*CA(p-)(-n), where <P : r(P") P" is the first projection and 
^ : r(P") ^ A(P") is the second projection. Let QA(pn) = Cpn(l)|L)}LeA(P") 
be the tautological bundle on A(P"), and let S be the subbundle of 5^*Qa(P") whose 
fiber at {p,L) E r(P") is 

Sip,L) = KeTiH%L,OMl)\L)-^H%p,OM^)\p))- 
Then the Chow ring of r(P") is 

n 

CH(r(P")) ~ z[s,t]/{r+\ 

i=0 
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where s = ci{S) and t = ci(^*Cpn(l)) (cf. ^ (14.6)]). 

Let X C be a nonsingular cubic surface. We define subvarieties of r(P^) by 

= {{p, L) G r(P^) I L intersects X at p with the multiphcity > m} 

for 1 < m < 3 and 

Yoo = {{p, L) G r(P^) I L is contained in X}. 

By the first projection Yi is a P^-bundle over X, and Y2 is a P^-bundle over X. 
By in Theorem 3.5], Y3 is a nonsingular projective irreducible surface, and the first 
projection ^Iy^ is a generically finite morphism of degree 2 over X. Since X contains 
27 lines in P^, Y^o is a disjoint union of 27 rational curves. 

Let F G iJ°(P^, (9p3(3)) be a section which define the cubic surface X. The restric- 
tion F\l G H^{L,Op3{3)\l) is contained in the image of the natural injective homo- 
morphism 

S{p, L)«™ ® H\L, Ops (3 - m)|L) ^ /J°(L, OM^)\l) 

if and only if the pair {p, L) is contained in Ym- Hence, for 1 < m < 3, the subvariety 
Ym is defined as the zeros of a regular section of the vector bundle 



^* Sym^ Qa(p3) 



^*C»p3(4 -m)®^* Sym"^-^ Qa(p3) 



S®m ^ ^* Sym^-™ Qa(p3) 
on r(P"), where the isomorphism is given in §2]. 

Proposition 2.1. 1^3 is a minimal surface of general type with the geometric genus 
PgO^z) = 4, the irregularity ^(la) = and the square of the canonical divisor Ky^ = 6, 
and the first projection (P\y3 is the canonical map of the surface Y^. 

Proof. Since 

'Or(p3)(n)^^*Op3(3), 

OYAY2) ^ (^*Op3(2) ® 5)|n - {<P*OM^) ® '^*(^A(p3)(l))ln, 

OY.iYs) ~ (^*Op3(l) ® 5^2)1^^ ^ (cP*Op3(-l)) ® .Z/*OA(p3)(2))|y, 

and i^r(p3) = <P*Cp3(-2) (g) !Z>*Ca(p3)(-3), we have 

'Ky, ~ (^>*Op3(l) ® >P'*OA(p3)(-3))|y„ 
Ky, ~ (^*Op3(2) ® >P'*OA(p3)(-2))|y„ 
_iry3^(^*Op3(l))|y,. 

Since H'(T(P^),<P*Op3{-3)) = and /7^(r(p3), <?*Cp3(-2)) = for any i, the restric- 
tion induces isomorphisms 

'i7*(r(p3),Or(p3))^i7*(ri,OyJ, 



for any i. Since H'{T(P^),^*Opa{j) ® !P'*Ca(p3)(-1)) = for any i and j, we have 
H^{Yi, (<P*Cp3(j) (8)!^*C)yv(p3 )(—!)) |yj = for any i and j, hence the restriction induces 
isomorphisms 

for any z, and the dimension of these cohomology groups are 
/i^(r2,OyJ = /i^(r(p3),Or(p3) 

and 



1 if i = 0, 
if z 7^ 0, 



4 if i = 0, 
if i 7^ 0. 



By the exact sequence 

O^Ky,-^ (^*0p3(l))|y, ^ K\ ^ 

and the duahty 

H\Y2,Ky,)c^H'-\Y,,OY,)\ 

we have PgiY^) = 4 and qiY^) = 0, and ^jyg is the canonical map. Since Ky^, — 
(^*Op3(l))|y3 is nef and the image of the canonical map is the surface X, the surface 
Y3 is a minimal surface of general type. 

Since Y^ is defined as the zeros of a regular section of the vector bundle 



ip'* Sym=^ Qa(p3) 



^*Cp3(l) Sym' Qa(p3) 



5®3 

its class in the Chow ring of r(P^) is 

[Fg] = c3(^*Cp3(l) ® ^* Sym^ Qa(p3)) = 6sH + 15st^ + QV^ G CH3(r(p3)), 

hence 

A:2^ = deg(ci(^*Op3(i))2-[r3]) = 6. 



□ 



Remark 2.2. Proposition 12. II implies that the Hodge number h^{Y^^ fiy^) = 44. Minimal 
surfaces with such numerical invariants are classified by Horikawa, and Y^ is of type lb 
in [7]. Since Y^ is simply connected by [H Theorem 12.1], we have HiiY^,, Z) = 0, hence 
H^iy^, Z) has no torsion element for any i. 
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Since the cubic surface X is recovered as the image of the canonical map of Is, we 
have the following Torelli type theorem. 

Corollary 2.3. The isomorphism class of the cubic surface X is uniquely determined 
by the isomorphism class ofY^. 

Proposition 2.4. Each component ofYoo is a {—3)-curve on Y3. 
Proof. Since Oy^iY^) ~ S'^^lva, the self intersection number of Y^ on Y3 is 

(Y^.Yo.) = deg (ci (5^3)2 ■ [F3]) = -81. 

The self intersection number of a component of Y^o is less than —1 because Ky,^ is nef, 
and the component is not a (— 2)-curve because its image by the canonical map is a 
line in P^. Since Y^o is a disjoint union of 27 rational curves, each component of l^oo is 
(— 3)-curve on Y^. □ 

Remark 2.5. The second projection 

^|^^:y3^A(p3). (p,L)^L, 

is birational to its image = ^{Y^}, which induces an isomorphism Y3 \ Y^o — ^3 \ Z^o, 
where Z^ — {L e A(P^) | L C X} is equal to the singular locus of Z^. 

3 The double cover branched along Hessian 

For simplicity, we denote the first projection ^lyy : 1^3 — )■ X by : V — ?> X. Let R be 
the ramification divisor oi (f) : Y ^ X. Since R is the zeros of the determinant of the 
differential dcj) : Ty <P*Tx, its class in CH^(F) is 

[R] = Ci(Xy = Ci((^*e'p3(2))|y). 

We denote hy B — (l)^R the branch divisor of 0. Let F(xo, . . . , 0:3) G C[xo, . . . , 0:3] be a 
cubic polynomial which defines the nonsingular cubic surface X. 

Proposition 3.1. B G X is the zeros of the Hessian 

Proof. For p — [qq : ai : a2 : 03] e P^, if oq ^ 0, then there is an isomorphism 
p2 ^ c r(p3); g = [61 : 62 : 63] ^ (p, L(p,,)), 
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where denotes the hne through the points p and [0 : 61 : &2 : ^3] in P^; 

L{p,q) = {Mo : aito + biti : • • • : agio + ^3^1] e | [to : h] E P^}. 

For < i < 3, we set a polynomial Fi{x, z) on variables {xq, . . . ,X3, zi, . . . , Z3) induo 
tively by 

Fo{x,z) = F{xi, ... ,0:3) 

and 

1 j2 



Fi{x,z) 



dx-i 



{x,z)zj. 



(3.1) 



Since 

F{aoto, aito + biti, 02^0 + hh, 03^0 + ^3^1^ 



if p e X, then 



= Fo{a, h)tl + Fi(a, h)tlh + ^2(0, h)Ul + F^{a, b)tl 

\p) ~ {g = [h : 62 : 63] e P' I i^i(a,6) = 0, ^2(0, 6) = 0}. 

62 : &3] e P^ such that 



p G X is contained in B if and only if there exists [61 
Fi{a, h) = ^2(0, b) — and the rank of the matrix 



Si(a,6) ii(a,6) '^{a.b) 
||(a,6) ||(a,6) g(a,6) 



y-3 / X.. y-3 a^F 

, ^.7=1 ^"^"J ^.7=1 



OF 



a 



[a)bj 



is less than 2. Since ^i'^)-, |^(^)) 7^ (0) 0) 0); the condition on the rank of the 

matrix is equivalent to the existence of 60 £ C such that 



( d^F ^ 

dx-ydxi ^ ' ax.'i'^ V / 

F 

\dxzdr 



yxi 



ax2^ 
a^F ^ 

axzdx2 



a^F . 

a F f 

ax o ax -J 
a^F I 



axz 



0\ 
a) j 



0. 



Then Fi(a, 6) = implies ^2(0, b) = 0, because 

(a 



^2(0, 6) = -(61 62 ^3) 



92 F 



92 F 



ax 18x2 

cPF I 



ax-\dx 

f)2 



ax^axi ' ux2~ 
\dx3dx1 ax-iax', («) 



90:2' 




x-^ax 



dx->dx-j, 
d^F 
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Hence, p E X is contained in B if and only if there exists [60 : &i : &2 : ^3] £ such 
that 



{bo hi 62 ^3) 



/ 



and it is equivalent to 



dx2dx 

-(a) 



d^F 



dxidx2 
92 F / 



(a) 



92 F 



9x3 9a; 1 8x38x2 



(a) 



\ 



8x18x3 
8x28x3 



(0 0), 



= det 



/ 

dF ( 
8x1 V 
dF / 
8x2 ^ 



dxi 

9JT^(' 

8^F ^ 
8x28x1 

8^F ^ 
8x38x1 



8x2 
8^F ^ 

8x^8x2 

9^(^ 
92F , 



9^^ 

8x2,8x3 

d^F (, 



8x38x2 



det 



V 



' 92 F 
9x-()2 
_9iF_| 
9a;i9a;o 
9^F , 
8x28x0 
8^F ^ 
8x38x0 



a] 



a) 
a) 



8^F 
dxndxi 
8^F ( 
dxi^ \ 
8^F 
8x28x1 

d^F 
8x38x1 



[a) 
a) 
(a) 
(a) 



8'^F , 
8xQdx2 

SPF , 
8x^8x2 

8x2^ ^' 
8'^F , 

8x38x2 



a^F ^ 
9^^ 

8x08x3 
d^F ( 



0\ 



0/ 



Hence B is defined by the Hessian on X \ {xq 7^ 0}. In the same way, we can show that 
B is defined by the Hessian on X \ {xi 7^ 0} for 1 < i < 3. □ 

Let E be the sum of all components of R which contract to points by 0, and let 
D be the divisor such that R = D + E. For a line L on X, we denote by L+ the 
corresponding component of Y^; 

L+ = {(p,L')er(P^)|L' = L}. 

Let L~ be the other component of (l)*{L) dominating L by (p, and let be the sum 
of L~ for all lines on X. A point p on the cubic surface X is called an Eckardt point if 
there are three lines through p on X. 

Theorem 3.2. The divisor D is a disjoint union of nonsingular curves, E is a disjoint 
union of {—2)-curves on Y , and Y^ is a disjoint union of {—3)-curves on Y . The 
divisors R-\-Y^, R-\-Y^ and E-\-Y^ + Y^ are reduced simple normal crossing divisors. 
The branch divisor B has at most nodes as its singularities, and the singular locus of 
B is equal to the set of Eckardt points of X. A line L on X intersects B at two points 
with each multiplicity 2, and 

(f)*L^L+ + L-+ <^"'(e)- 

eeinSing {B) 
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First, we normalize for p e X the equation of X by a transformation of the ho- 
mogeneous coordinate in order to introduce a local coordinate of X around p and to 
compute the local equation of these divisors. 

Lemma 3.3. Let F{x) — ^ 3 he an equation of a nonsingular cubic 

surface X, and let p be a point on X. 

1. If (t)~^{p) is a set of distinct two points, then F{x) is normalized by a transfor- 
mation of the homogeneous coordinate to satisfy p = [1 : : : 0] , Cqoo = Cioo = 
coio = C200 = co2o = and cqoi = cno = 1. 

2. If (l)~^{p) is a point, then F{x) is normalized by a transformation of the homoge- 
neous coordinate to satisfy p = [1 : : : 0], Cqoo = Cioo = Cqio = C200 = Ciio — 
and cooi = C020 = C210 = 1- 

3. If(f)~^{p) ~ P^, then F{x) is normalized by a transformation of the homogeneous 
coordinate to satisfy p = [1 : : : 0], Cqoo = Cioo = Cqio = C200 = Cno = C020 = 
C210 = C120 = and cooi = 3c3oo = 3co3o = 1- 

Proof First, we can chose a homogeneous coordinate [xq : • ■ • : Xs] as p — [1 : : : 0]. 
Then p E X implies that cqoo = 0. Since X is nonsingular at p, (cioo, cqio, cqoi) 7^ 
(0, 0, 0). We may assume that cooi 7^ 0. By the the transformation 

/xi\ (I \ (xA 
hr2 ^ 1 , 

\Xz) \Cioo ColO Cooi/ \Xz) 

we may assume that (cioo, coio, Cooi) = (0, 0, 1). 

1. We consider the case where 0~^(p) is a set of distinct two points. Then the 
quadratic form C2qqx\ + c\iqXiX2 + co2ox\ is factorized into independent linear 
forms; 

C2mx\ + C110X1X2 + Cq2oxI = {aiXi + a2X2){PiXi + ^23^2)- 
By the transformation 

(xi\ (ai a2\ (xi\ 

\X2) ^ \/3l P2) \X2) ' 

F{x) is normalized to satisfy (c2oo, Ciwi C020) — (0, 1, 0). 

2. We consider the case where (t>~^{p) is a point. Then the quadratic form 0200^:^1 + 
C1WX1X2 + co2o3:^2 is ^1^6 square of a nonzero linear form; 

C2ooxl + ciioa;ia;2 + 00202^2 = ("i^^i + "22:2)^, 
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and we may assume that q;2 7^ 0. By the transformation 

xi\^f^ \ fxi 
X2J \ai as/ V^2 

we may assume that (c2oo, cuo, C020) = (0, 0, 1). If C210 7^ 0, then by the transfor- 
mation 

F{x) is normahzed to satisfy C210 = 1- If C210 = and C300 7^ 0, then by the 
transformation 

F{x) is normalized to satisfy C210 ~ 1- If (c3oo,C2io) = (0,0), then X is singular 
at [a : 1 : : 0] , where a is a root of the quadratic equation 

dF 

-— (s, 1, 0, 0) = + ciois + C201 = 0. 

3. We consider the case where (f)~^{p) — P^. Then we have (C20O) Cno, C020) = (0, 0, 0), 
and the cubic form C3ooa^i + C2wx\x2 + 01202^12^2 + coso^^l factorized into nonzero 
linear forms; 

czQox\ + C2iqx\x2 + cuoXixj + cqsqxI = (cKiXi + a2X2){PiXi + ^22;2)(7i2;i + 722;2)- 

We have ai(32 — 012^1 7^ 0, /3i72 — /927i 7^ 0, and 710:2 — 72O1 7^ 0, because for 
example if ai^2 — ol2^i — 0, then X is singular at [a : —a2 : ai : 0], where a is a 
root of the quadratic equation 

dF 

-Q^{^i -Q!2, ai, 0) = + (coiiOi - 010102)5 + (co2iQ;i - Ciiiq;iq;2 + C2oiQ;2) = 0. 
Let a; e C be a primitive 3-rd root of unity. By the transformation 



Qi/3271— Q2/3i7ifa;— ai/3i72Cc'^ a2/3i72+Qi/3272i^+Q2/327ifaJ^ 



X2 




where 
d — det 



tti/927i + ai/3i72'^ + tt2/3i7icu^ -a2/9i72 - Q;2/927it^ - a;i/3272cu^ 
-q;i^27i - Q;2/5i7ia; - 0:1^1720;^ Q;2A72 + Q;i^272'^ + a2^2li^'^ 

u - u;^){aip2 - a2A)(/3i72 - /327i)(7ia2 - 72ai) 7^ 0, 



F{x) is normalized to satisfy (caoo, C210, C120, C020) = (i, 0, 0, \] 
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□ 



Proof of Theorem \cl.lA For p G X, by Lemma we may assume that p = [1 : : : 0], 
cooo = cioo = coio = and cooi = 1. Then 

0}, 



and (^1,^2) gives a local coordinate of X at p because §^ip) = cqoi 7^ 0. For [si : S2] G 



dF 

ijiuiiiaLC UL yv txh f ucuau&c 

P^, we set a line on by 

^[^1:^2] = {ko : ■ ■ ■ : X3] G P^ I S1X2 = S2X1, X3 = 0}, 
which intersects X at p with multiplicity > 2. For < i < 3, we set a polynomial by 

^2, ^3) C2, Cs) = -fi(l) ^1; ^2, ^3; Ij C2, Cs); 

where Fi{x,z) is the polynomial defined in fl3.ip . Then Y is locally defined by these 
polynomials on a neighborhood of {p,L[i,Qj) G F; 

>^ ^ {(6,6,6,(2,(3) e I /o(6C) = /i(6C) = /2(6C) = o}. 

In order to give a local coordinate of Y, we divide the case into three types. 

1. The case where (f)~^{p) is a set of distinct two points. By Lemma |3.3[ we may 
assume that Cqoo = Cioo = Cqio = C200 = C020 = and Cqoi = Cuo = 1. Then we 
have = {(p,^[i:0]), (p,^[0:i])}- Since 



||(0,0,0,0,0) §|(0,0,0,0,0) 11(0,0,0,0,0) 
^(0,0,0,0,0) §1(0,0,0,0,0) 11(0,0,0,0,0) 
||(0,0,0,0,0) §1(0,0,0,0,0) §1(0,0,0,0,0) 





1 












ClOl 





1 


= -1^0, 




C201 


1 


ClOl 





(6,6) gives a local coordinate of Y at (p, L[i.o]) and is a local isomorphism in 
a neighborhood of (p, Lji-oj). When Lji-oj is contained in X, L^i.q^ C y is locally 
isomorphic to {(6,6) I 6 = 0}, and when L[o:i] is contained in X, L'^q.^ C F is 
locally isomorphic to {(6,6) I 6 = 0}. Hence, if (p, L[i.o] 



^ ^[1:0] ^^[0:1]' then 



L'^i-Q] intersects transversally at (p, Lji-oj) G Y. In the same way, we can see 
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the picture of a neighborhood of (p, L^a]). 

2. The case where (p~^{p) is a point. By Lemma |3T3| we may assume that Cqoo 
Cioo = Coio = C200 = ciw = and Cooi = C020 = C210 = 1- Then (j)~^{p) 
{(p,L[i;o])}. Since 



§|(0,0,0,0,0) §1(0,0,0,0,0) §|(0,0,0,0,0) 
§1(0,0,0,0,0) §g(0,0,0,0,0) §1(0,0,0,0,0) 



§1(0,0,0,0,0) 11(0,0,0,0,0) |g(0,0,0,0,0) 



Oh 








1 










ClOl 


1 




1 


C201 


ClOl 



1^0, 
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there are holomorphic functions V52(^i, C2), V^3(^i, C2) and /i3(^i, C2) on a neighbor- 
hood of (^i,C2) = (0,0) such that 

¥.2(0,0) = 0, ¥,3(0,0) = 0, /i3(0,0) = 

and 

/i(6, V^2(^l, C2), <^3(6, C2), C2, /i3(^l, C2)) = 

for < 2 < 2. We remark that 

V52(6, C2) = -3C3oo6 + (-9C300C101 + 9C300C120C10I + 9C300C20I - 3C300Cl0l)^i 

+ (-6C300C101 + 6C300C120 - 2)^iC2 - C2 mod {^l, C1C2, ClC2^ CD) 
^3(6, C2) = -940^1 mod eiC2, ^iCl Cl), 

/^3(6, C2) = (9C300C101 - 9C300C120 + 3c3oo)^? + 6c3oo^iC2 mod {^f, ^^(2, ^iCi, CD- 

Then (^i,C2) is a local coordinate of Y at (p, Lji-oj), and R = D is locally iso- 
morphic to {(^i,C2) I ^(^i,C2) = 0}, and it is nonsingular at (p, L^i-g]) because 
^^(0,0) = —2 7^ 0. There is a holomorphic function 0"(^i) on a neighborhood 
of ^1 = such that a{0) = and ^(^i,a(G)) = 0. Then 5 C X is locally iso- 
morphic to {(G) ^2) I (.2 = V^2(G) ^(G))}) and it is nonsingular at p. When L^i-q] 
is contained in X, we have C300 = and there is a holomorphic function ?72(G, C2) 
such that v^2('Ci)C2) = C2'72(G,C2)- Then L^i.Qj C F is locally isomorphic to 
{(6, C2) I C2 = 0}, and Lj^^o] C F is locally isomorphic to {(G, C2) | ^72(6, C2) = 0}. 

afll(O'O) t(O'O) = -2 

0(0,0) §(0,0) ||(0,0)^ 1 -1 

D intersects L'^^.q] and -Z^i^.q] transversally, and L'^.q^ intersects Lj^.^j transversally 
at (p, L[i:o]) G F. Since L is locally isomorphic to {(G,^) 1^ = 0} and 

'<^2(ei,^(G))l6=0 = 0, 
^(^2(ei,^(6)))k=0 = 0, 

|^(^2(ei,^(6)))l6=o = 2 7^0, 

L intersects B at p with multiplicity 2. 
3. The case where 0^^(p) ~ By Lemma 13731 we may assume that cqoo = cioo = 
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colo = C200 = Clio = C020 = C210 = C120 = and cqoi = Scsoo = 3co3o = 1- Since 



1^(0,0,0,(2,0) 



||(o,o,o,C2,o) ||(o,o,o,C2,o) 
|^(o,o,o,C2,o) ||(o,o,o,C2,o) fg(o,o,o,C2,o) 
||(o,o,o,C2,o) ||(o,o,o,C2,o) ||(o,o,o,C2,o) 



ClOl + C011C2 




1 



1 C201 + C111C2 + C021C2 Cioi + C011C2 



1^0, 



there are holomorphic functions 921(^2, C2), ¥^3(^2, C2) and 1^3(^2, C2) on a neighbor- 
hood of {(^2, C2) I C2 = 0} such that 



(^1(0,(2) = 0, (^3(0,(2) = 0, /.3(o,C2) = 



and 







/i(v^i(6, C2), 6, V'sfe, C2), C2, 1^3(^2, C2)) 

for < i < 2. We remark that 

^1(^2, C2) = -C26 + (C101C2 + CoiiCl + C101C2 + CoiiCl)^! mod (^2), 
¥'3(6,C2) = mod(e2'), 

/.3(6,C2) = (-C2-Cl)e2 mod (el). 

There is a holomorphic function ^71(^2, C2) such that 

(^1(6,(2) = 6^1(6,(2)- 

Since R is locally isomorphic to {(^2, C2) I ^(^2, C2) — 0}, E is locally isomorphic 
to {(6, C2) 16 = 0} and D is locally isomorphic to {(6, C2) I ||(6, C2) = 0}. We 
remark that i^[i:A] C X if and only if + 1 = 0. Hence p is an Eckardt point on X. 
We assume that + 1 = 0. Then L^i-x] is locally isomorphic to {(■Ci, 'C2) I ^2 = ^^1} 
and 0*L[i,A] is locally isomorphic to {(6, C2) I 6 = ^1(6, C2)}, hence Lj'^.^j +Lj^.^j 
is locally isomorphic to {(6,(2) I 1 = -^771(^2, (2)}- Since 771(0,(2) = -Cl) 



(0, C2) e ^5:,] + ^fi:,] 



-AC; 



CI = A^- 



Then L^.^j intersects E transversally at (p, L[i:a]) by 



_9_ 

dC2 



(1 - A771) 



(6,C2)=(o,A) 



2X^ ^ 0, 



and -^[1-;^] intersects E transversally at (p, L[i._xj) by 



(6,C2)=(0,-A) 
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= -2X^ ^ 0. 



Since |i(0,C2) = -2C2, 

(0, C2) G D ^ C2 = 0. 
Then D intersects E transversally at (p, L^i-g]) by 

^(0,0) = -2^0. 

There is a holomorphic function (7(^2) on a neighborhood of ^2 = such that 
(t(0) = and ^(^2,o"(^2)) = 0. Then the image Bi of the local component of 
D at (p, Lji-o]) by is locally isomorphic to {(^,6) I 6 = V'll^; Since 
^(V'i(C25 o'(C2)))l52=o = 0, Bi intersects -Z^[i:A] transversally at p. In the same 
way, we can show that D intersects E transversally at (p, L[o:i]), and there is a 
holomorphic function t(^i) on a neighborhood of ^1 = such that ^(0) = and 
the image B2 of the local component of D at (p, i^[o:i]) by is locally isomorphic 
to {(^1,^2) I ^2 = t(^i)}- Then B2 intersects -^^[i;A] and Bi transversally at p. This 
implies that B has a node at p, and -Z^[i:A] intersects B a.t p with multiplicity 2. 

By the above observation, we have 0*L = L+ + + J2eeLnSmg{B) for a line L 

on X, and 5 fl L is a set of distinct two point because (B.L) = 4. Hence we have 

{L-.L-) = {L-.<P*L-L+- 

eeLnSing(B) 

= {L. L) - {L- . L+ + 0-i(e)) = -1 -2 = -3. 

eeLnSing {B) 

Each component of E corresponds to an Eckardt point on X, and it is a (— 2)-curve on 
y, because is the canonical map of Y by Proposition 12.11 □ 

Remark 3.4. There are at most two Eckardt points on a line L C X, hence there are 
at most 18 Eckardt points on X. If X has 18 Eckardt points, then X is isomorphic to 
the Fermat cubic surface ITT]. 



Remark 3.5. Let 0' : — )■ X be the finite double cover of X branched along B. Then 
Y' may have ordinary double points, and Y is the minimal resolution of Y' , 



Remark 3.6. By Theorem 13. 2[ for lines Li,L2,L on X and Eckardt points 61,62,6 on 
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X, the intersection numbers on Y are computed by 



(Lt.Lt) 




'0 ifLinL2 = 0, 

1 if Li n L2 is a point which is not an Eckardt point, 

if Li n L2 is a point which is an Eckardt point, 

if Li = L2 and there are two Eckardt points on Li = L2, 

1 if Li = L2 and there is only one Eckardt point on Li = L2, 

2 if Li = L2 and there are no Eckardt points on Li = L2, 



Proposition 3.7. Any (—2) -curve on Y is a component of E, and any (—3) -curve on 
Y is a component of Fqo + ^00 ■ 

Proof. Let C be a (— 2)-curve on Y. Since {(j)^C. Cp3(l)|x) = {C. Ky) = 0, the image 
of C by the morphism is a point on X, hence C is a component of E. Let C be 
a (— 3)-curve on Y. Since (0*C. Op3{l)\x) = {C. Ky) = 1, the image of C by the 
morphism is a hne on X, hence C is is a component of Y^o + Y^. □ 

Remark 3.8. We can check that the divisor Y^o + Y^ is connected. Hence, if a divisor 
on y is a disjoint union of irreducible components of Y^o + Y^, and W contains a 
component of (f)*L for any line L on X, then W = Y^o ot W = Y^. 

Let ip = ^\y : Y ^ Z = G A(P^) be the second projection in Remark 12. 5[ and 
let [(9^(1)] G H^{Z, Z) be the class of a hyperplane section by the Pliicker embedding 
A(P'^) C P^. Let Zoo be the set of all lines on the cubic surface X. For a line Lq G Z^q, 
we set Zoo(i^o) = {L E Z^o \ Lq L, LqH L 0}, which is a set of 10 lines. 

Proposition 3.9. There are the following relations in the Neron-Severi group NS {Y): 





(3.2) 



and 





L 



+ 



(3.3) 



for any line Lq G Z, 
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Proof. Since Y^o = UlgZoo relation (I3.2p is given by 

For Lo e A(P3), 

= {L G A(P3) I Lo n L ^ 0} 
is a hyperplane section by the Pliicker embedding A(P'^) C P^. We prove that 

eeLonSmg(B) L£Zoo{Lo) 

for Lq G Zoo- It gives the relation fl3.3p by the relation in Theorem I3.2[ For {p,L) G 
iP~^{Hlo) C F, if p G Lo then 

(p,L)G0-i(Lo) = L+ULo U |J <p-\e), 

eG-LonSing (B) 

and if p ^ Lo then L C X. Hence the support of %Ij*Hlq is 

r\HL,) = LtVJL,VJ U r\e)VJ (J L+. 

eeLonSing (B) LeZao{Lo) 

We compute the multiplicity of each component. 

1. The case where there are no Eckardt points on the line Lq. We set integers a+, 
a_ and by 



Since L+) = for L G 

= irHL,. L+) = 
By the relation flO) . 



— 3a_|_ + 2a_ if L = Lq, 

a_ - 3aL if L G Zoo(Lo). 



(^*[(^z(3)].i^o) = (0lOx(3)].Lo) + (L+. Lo)+ J] (L+. Lq ) = 3 + 2 + 10, 

LeZoo(Lo) 

hence we have 

5 = {i'*HLo. Lq) = 2a+ - 3a_ + ^ a^,. 
These equations imply that a+ = 2, a_ = 3 and ai = 1 for L E Zoo(Lo). 
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2. The case where there is only one Eckardt point e on the hne Lq. We denote by 
Zoo{e, Lq) C Zoo{Lq) the set of two hnes through the point e. We set integers a_|_, 
a_, b and by 

r[Oz{l)] = rHLo = a+L+ + a_Lo- + h<p-\e) + J] az.L+. 

Since (V^l^zll)]- L+) = for L e Zoo, 

{— 3a_|_ + a_ + 6 if L = Lq, 
a_-3aL ifLGZoo(Lo)\Zoo(e,Lo), 
6-3aL if L G Zoo(e,Lo). 

By the relation flO) . 

(^*[Oz(3)].^o) = (0*[(^x(3)].^o) + (^o-^o)+ E (^""-^o) =3 + 1 + 8 

i£-Zoo(-J^o) 

and 

= + 1 + 2, 

hence we have 
and 

1= (V-^i/Lo- </>"'(e)) = a+ + a- -2&+ az.. 

LeZoo(e,Lo) 

These equations imply that a+ = 2, a_ = 3, 6 = 3 and a^, = 1 for L G ZaoiLo). 

3. The case where there are two Eckardt points ei, 62 on the line Lq. We set integers 
a+, a_, 61, 62 and a^, by 

^*[Oz(l)] = rHLo = a+L^ + a.LQ + hr\e,) + 620"'(e2) + J] 0^^+. 

Since {ip*[Oz{l)]. L+) = for L G Z^o, 
= {rHL,. L+) 

-3a+ + 61 + 62 if L = Lq, 

a- - if L G ^00(^0) \ {Zoo{ei, Lo)UZoo{e2, Lq)) , 

hi -Ml if L G 2'oo(ej,Lo). 



17 



By the relation I3.2[ 

mozm. L,) = {4>*[Oxm. l,) + m. l,) + ) = 3 + o + e 

and 

=0 + 1 + 2, 
hence we have 

3 = {i)*HL^. Lq) = -3a_ + 61 + 62 + 

-LeZoo(io)\(2oo(ei,Lo)UZoo(e2,-Lo)) 

and 

1 = {iP*Hl^. (p-\ei)) = a+ + a_-2bi+ ^ a^. 

-J^e2oo(ei,Lo) 

These equations imply that a+ = 2, a_ = 3, 61 = 3, 62 = 3 and = 1 for 
L E Zoo{Lq). 

□ 

4 Periods of cubic 3-folds 

We review some works on cubic 3-folds by Clemens-Griffiths [3] and Tjurin [12]. Let 
\^ C be a nonsingular cubic 3-folds. We define a subvariety IV of P"^ x A(P^) by 

= {(p, L) G P^ X A(P^) \ peL(lV}, 

and we define a subvariety S of A(P^) by 

S = {Le A(P') \L(ZV], 

which is a nonsingular surface and called the Fano surface of lines on V . The first 
projection (p : W ^ V is a. generically finite morphism of degree 6, and the second 
projection ip -.W ^ S \s a. P^-bundle. 

Theorem 4.1 (Clemens-Griffiths [3], Theorem 11.19). The homomorphism 

(P,o^* : H%S,Z) — > H%V,Z) 
is an isomorphism of Hodge structures. 
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Let J be the intermediate Jacobian of the Hodge structure if^(V,Z). Then the 
complex torus J is a principally polarized abelian variety of dimension 5. We denote 
by G H^{J, Z) the class of the polarization. Let A be the Albanese variety of S, and 
L : S A the Albanese morphism. By Theorem 14.11 there is a natural isomorphism 
y4 ~ J of abelian varieties. Let us denote by ^ e H^{A, Z) the corresponding principal 
polarization on A. The primitive part of H'^{A, Z) is defined as the space 

Z) = Ker (^^^ : H\A, Z) H^\A, Z); a^O'^^Ua), 

and the primitive part of H^{S, Z) is defined as the space 

Hl,^JS, Z) = Ker ([^^(l)] : H\S, Z) — > H\S, Z); /3 ^ [^^(l)] U 

where [(^^(l)] G H'^{S, Z) is the class of a hyperplane section by the Pliicker embedding 
A(P^) C P^. We define a symmetric form on H^{A, Z) by 



{,)a: H\A, Z) X H\A, Z) Z; a^) ^ deg ((^ U ai U ^2) H [A]) , 

and a symmetric form on H'^{S, Z) by 

( , )5 : Z) X z) _^ z- (^^^ ^ deg ^ U /^s) H [5]). 



U3 



We remark that these symmetric forms give polarizations of Hodge structures on the 
primitive part H^j.^^{A, Z) and H'^j.^^^S, Z). 

Proposition 4.2. The homomorphism l* : H'^{A,'L) — )■ H'^{S,Z) induces the isomor- 
phism 

of polarized Hodge structures. 

Proof. By [3l Lemma 9.13 and (10.14)], the homomorphism l* : H'^{A,Z) H'^{S,Z) 
is injective with a finite cokernel. By [U (2.3.5)], the homology group Hi{S, Z) has no 
torsion element, and the cokernel of l^, : H2{S, Z) — )■ H2{A, Z) is isomorphic to Z/2Z. 
Hence H'^{S, Z) has no torsion element, and the cokernel of l* : H'^{A, Z) — )■ H'^{S, Z) 
is isomorphic to Z/2Z. Since [i(5)] = ^ G i/6(yl, Z) by [31 Proposition 13.1], we have 

DU3 . ,nU3 



mL*aiUL*a2)n[S]) = {aiUa2)nL^[S] = (ai Ua2) n n [A] j = \^—UaiUa2jn[A] 

for ai,a2 G H'^{A,Z), hence the homomorphism l* is compatible with the symmetric 
forms. Let r G H'^{S, Z) be the class of an incidence divisor [3l §2]. Since 3r = [05(1)] 
by [21 §10], the primitive part H^^^^{S, Z) is equal to the space orthogonal to r. Since 
2r = L*6 by [3l Lemma 11.27], we have 

i,((2r U L*a) n [5]) = i*((6*^ U L*a) f] [S]) = U aj H [A] 
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for any a G H'^{A, Z). Hence we have a commutative diagram of exact sequences 



2 ^ 2 ^ 

; ; 

^ H^{A,Z) A H\S,Z) — ^ Z/2Z — ^ 

z = z. 

Since 6' is a principal polarization, the image of the homomorphism 

3U4 , ,nUA 



: H\A, Z) ^ Z; « ^ deg ((^ U a) H [A] 

is 2Z. And the image of the homomorphism 

r : H\S, Z) Z; « h-^ deg ((r U a) n [^]) 

is not contained in 2Z, because deg (r^^ fl [S]) = 5 ^ 2Z by [3^ (10.8)]. Hence r : 
H'^{S, Z) — )■ Z is surjective, and l* : ifpj.ij„(y4, Z) — )• H^j.i^{S, Z) is an isomorphism. □ 



5 Periods of cubic surfaces 

Let X C be a nonsingular cubic surface defined by F{xo, . . . 5X3) G C[xo, . . . ,0:3]. 
Let C P"^ be the cubic 3-fold defined by F{xo, . . . , 0:3) G C[xo, ...5X4]. Then the 
projection 

p : 1/ P^; [xo : ■ ■ ■ : X3 : X4] t-^ [xo : ■ ■ ■ : X3] 

is the triple Galois cover branched along the cubic surface X. Let S be the Fano surface 
of lines on V. Then the Galois group Gal (p) ~ Z/3Z of the cover p acts on the surface 
S. 

Lemma 5.1. Let L be a line in P^. If L is contained in V, then its image p{L) C P^ 
by p is a line in P^, and it is contained in X or intersects X at only one point with 
multiplicity 3. 

Proof. Let H4 C P^ be the hyperplane defined by the equation X4 = 0. If L is contained 
in i74 n V, then it is clear that p{L) is a line contained in X. We assume that L Ci 
is a point [oq : ■ ■ ■ : 03 : 0] G P^. By taking a point [bo : ■ ■ ■ : b^ : 1] E L \ H4, the line L 
is written as 

L = {[aoto + boti a^to + 63^1 : ^i] e P^ | [to : ti] G P^}. 
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U Lev, then 

Fiaoto + boh, . . . , agio + 63^1) + t? = G C[to, h]. 

Since F{bo, . . . , 63) + 1 = and F{aQ, . . . , 03) = 0, we have (61, . . . , 63) 7^ (0, . . . , 0) and 
[ao : ■ ■ ■ : 03] 7^ [60 : ■ ■ ■ : ^3], hence 

p(L) = {[aoto + boh ash + bsh] E | [to : h] G P^}. 

is a hne in P^. Since F{aQto + b^ti, . . . , a^tQ + 63^1) = —tl, the hne p(L) intersects X at 
the point [oq : ■ ■ ■ : 03] G P^ with multiphcity 3. □ 

Let Z = he the surface in Remark 12. 5[ By Lemma I5.H the hne p{L) represents 
a point of Z for a hne L on V. Let us abuse notation by 

p:S — y Z; L^p{L). 

We set 

Soo = {Le A(P^) \LcVnH4, 
which is a set of 27 points on S. 

Lemma 5.2. p : S ^ Z is the quotient morphism by the Gal {p) -action, and S^o is the 
set of the fixed point by the Gal [p) -action on S . 

Proof. Let a; G C be a primitive 3-rd root of unity. The automorphism 

a : V — > V; [xq : ■ ■ ■ : Xs : X4] 1 — > [xq : ■ ■ ■ : X3 : ux^] 

is a generator of the Galois group Gal (p). For a line L on V, we have p(L) = p{a{L)), 
and if L = cr(L), then L is contained in H4. Hence 6*00 is the set of fixed points of the 
Gal (p)-action on S. Let 

L' = {[aoto + boti a^to + b^t^] G P^' | [to : ti] G P'} 

be a line in P'^ which intersects X at [oq : ■ ■ ■ : 03] with multiplicity > 3. Then there 
exists c G C such that 

F(aoto + boti, asto + b^ti) = ctf. 

If a line 

L = {[aoto + boti a-^to + b^ti : a^to + 64^1] G P^ I [^o : ^i] G P^} 

is contained in V, then 

-(04^0 + b^tif = F{aoto + boti, a^to + 63^1) = ctf, 

hence 04 = and 64 = —c. This imply that the morphism p : 5* — Z is surjective, and 
the fiber at L' G 2' is contained in a Gal (p)-orbit. □ 
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Remark 5.3. Each singularity of Z is isomorphic to the quotient of by the cychc 
group generated by the action (a, 6) (uajub). Hence we have 

r (Z/3Z)®27 if z = 3, 
H%Z,Z\Z^,Z)c^lz®'-' if 2 = 4, 



if i 7^ 3, 4. 



Let : y = — )■ X be the double cover branched along its Hessian, and let Y^o 
be the distinguished divisor on Y which is introduced in Section [2l By Remark 15. 3[ 
the restriction homomorphism H^{Z, Z) — )■ H^{Z \ Z^o, Z) ~ H'^iY \ Y^, Z) is injective 
with a finite cokernel, hence ip* : H'^{Z, Z) — )■ H'^{Y, Z) is injective. Since H'^{Y, Z) is 
torsion free, H'^{Z, Z) is also torsion free. The period integral 

H\Y, nlihgY^))-^ Rom {H2iY\Y^,Z),Cy, w ^ [7 ^ [ cu 

J-y ■ 

defines Hodge structures of pure weight 2 on H'^{Z, Z) and H^{Z \ Z^o, Z). For 7 G 
H'^{Z \ Zoo, Z), there is a unique 7 e H'^iZ, Q) such that the restriction of 7 to H'^{Z\ 
Zoo,Q) is equal to the class of 7 in the rational cohomology group. We define the 
primitive part of H'^{Z, Z) and H'^{Z \Z^,Z) by 

<im(^,Z) = Ker {[Ozil)] : H'iZ,Z) H\Z,Z); 7 ^ [0z(l)] U7), 

\ Zoo, Z) = Ker {[Oz{l)] : if^(Z \ Z^, Z) ^ Q); 7 ^ [Oz{l)] U 7) • 

We define symmetric forms on H^{Z, Z) and H^{Z \ Zoo-, Z) by 

(, )z:H\Z,Z)xH\Z,Z)^Z- (7^, 72) ^ deg ((71 U 72) H [Z]), 

(, )z:H\Z\Z^,Z)xH\Z\Z^,Z)^Cl- (71, 72) ^ deg ((71 U 72) n [Z]). 
These symmetric forms give polarizations of Hodge structures on the primitive part 

-f^prim(^7 Z) and -ffprim(^ \ ^oo, Z). 

Proposition 5.4. The homomorphism 

H\Z \ Zoo, Z) A \ 5oo, Z) ~ H\S, Z) 

induces an isomorphism H'^{Z \ Zoo, Z)frcc — H'^{S, Z)*^''^^*^'') of Hodge structures and an 
isomorphism 

{Hl,,^{Z\Z^,Z),,,,, 3( , )z) ^ «i^(^,Z)G^'(^), ( , )s) 
of polarized Hodge structures. 
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Proof. Since p : S\Soo — ^ Z\Zoo is a finite etale Galois cover, we have the Cartan-Leray 
spectral sequence 

Ef'^ = i/f (Gal (p), //"(S \ S^, Z)) ^ \ Z). 

Since the Gal (p)-action on if°(S' \ S^o, Z) ^ H^{S, Z) ~ Z is trivial, we have 

Z ifp = 0, 
HP{Ga\ ip),H%S\S^,Z))- \ o if p is odd, 

Z/3Z if p 7^ is even. 

Since H\S \ 5oo, Z) ~ H\S, Z) ~ H^{V, Z) is a free Z-module of rank 10 and the 
Gal (p)-action has no invariant part, it is regard as a free Z[a;]-module of rank 5, where 
Z[u] ~ Z[Gal (p)]/(^^gQg^^^^ 0") is the ring of Eisenstein integers jll (2.2)]. Hence we 
have 

' Z/3Z)®5 if p is odd. 



if p is even. 



HP{Ga\{p),H\S\S^,Z))^ 

By the spectral sequence, the homomorphism 

H\Z \ Zoo, Z) ^ iJ°(Gal (p), H\S \ S^, Z)) ^ //^^^^ 2)^-1 
is surjective, and its kernel is of order 3^. Since p*Oz{l) = Os{l), we have 

P.{{[Os{i)] u p*7) n [S]) = {[Oz{i)] u 7) n p^S] = {[Oz{i)] u 7) n 3[z] 

for 7 G H\Z \ Zoo, Z), hence 7 G i/2,i^(Z \ Z^o, Z) if and only if p*7 G if2,i^(5, Q). 
And we have 

deg ((p*7-i U p*7-2) n [S]) = deg ((7! U 72) n p^S]) = 3 deg ((7! U 72) n [Z]) 

foT'j,,'j2eH\z\z^,z). □ 

Remark 5.5. In the similar way, we can prove that the coinvariant part of the Gal (p)- 
action on H2{S, Z) is isomorphic to H2{Z \ Z^o, Z). By the duality H'^{Z \ Z^o, Z) ~ 
H2{Z, Zoo, Z) ~ H2{Z, Z), we have a commutative diagram 

P* P* 

H\S\S^,Zf-'(P^^H\Z\Z^,Z)i,,,C^ i/2(^,Z)free ^ if2(5,Z)Gal(p) 

t~ u u t- 

i72(^, Z)Gal(p) ^ ^2(^^ 2) ^^^(^ y Z)^H2{S \ S^, Z)Gal(p). 
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Remark 5.6. The restriction H^{Y, Z) — )■ H^{Y \ Yqo, Z) induces an isomorphism 

s^'^^'^L ^ ^'(^ \ Z) ^ \ Z^, Z), 

2^LeZao 

and the injection ?/'* : H'^{Z, Z) — )■ H'^{Y, Z) induces an isomorphism 

if2(Z,Z)^ (5^ ZL+ycH\Y,Z), 

where ± means the orthogonal complement in the unimodular lattice 

(, )y:H\Y,Z)xH\Y,Z)-^Z; (7^, 72) ^ deg ((71 U 72) H [F]). 
Proposition 5.7. The homomorphism 

H\X, Z) ^H\Y\ Y^, Z)^H\Z \ Z^, Z) 
induces an isomorphism 



Hlrirai.X, Z) 
3-f^prim(^' Z) 

0/ abelian groups. 



H^(Z \ Zoo, Z)tor 



Proof. Since i:*H^{Z,Z) = (Elgz«, C H^{Y,Z), the primitive closure of the 

sublattice Elsz^ ZL+ in H\Y,Z) is z))^ C H\Y,Z), hence the torsion 

part of H^{Z\zlc,^) is 



i/2(Z\Z„o,Z)tor^ ( 



g^(y,Z) X ^ (^*g^(Z,Z))^ 
Elgz™ ZL+ / tor Elsz™ 



By the proof of Proposition 15. 4[ this is an abelian group of order 3^, hence the sublattice 
{^Ij*H\Z, Z))^ C H\Y, Z) is of rank 27 and 



det {ip*H\Z, Z))^ = {ty^ ■ det ( ^ ZL+) = -3 



15 

j - -o . 



Since Hpj.^^{X, Z) is generated by the difference of two lines on X, by Proposition 13. 9[ 
we have 3^* H^^^^{X,Z) C ^^^^^ ZL+ and (p* H^^^^^X , Z) C {ip* H'^ {Z , Z)y . By Re- 
mark ESI we can directly compute the determinant of the sublattice (j)* H^^^^{X , Z) + 
Eiez^ ZL+ C H\Y, Z), that is det {(ly*H^,,jX, Z) + El^z^ Z^^) = -3''- Hence we 
have 

fHl^,^{X, Z)+J2 = rH\Z, Zy. 
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This implies that the homomorphism 



is surjective. Since the order of these groups are both equal to 3^, it is an isomorphism. 

□ 

By proposition 15.71 and Remark 15. 6[ we have the isomorphism 



^H',,,JX, Z) + El^z^ 



H {Z \ Zoo, Z)free. 



We denote by { ^,h'^^^jx%)+1[^,^zl+ ) o subspace of ^,h-^^jx%)+1[^^^ zl+ ^^hog- 
onal to [ip*Ozil)] E H'^{Y,Z). We denote by {/\^ H^{V,Z))^ the kernel of the homo- 
morphism 

2 

/\ H%V, Z) ^ Z; ai A ^2 ^ deg ((«! U aa) n[V]), 

and denote by H^{V, Z)(l) the Hodge structure of weight 1 which is defined from the 
Hodge structure H'^iV, Z) by the shift of the weight. 

Theorem 5.8. There is a natural injective homomorphism 
(k f/SfF 71(11'^°""'' ^ -^'<^-^) 

with the cokernel Z/2Z, which induces an isomorphism 



l\H%V,Z)(l)) ^ 



'fHl,^{X, Z) + Eiez. ZLH 
of Hodge structures. 

Proof. By Theorem 14. ![ |3l Lemma 9.13 and (10.14)], Proposition 15. 4[ Remark 15.61 and 
Proposition 15.71 we have the following sequence of homomorphisms of Hodge structures; 

(A'i^^(V',Z)(l))^^'^^^ ^ {/\' H\S,Z)f'''^'^ ^ {/\'H\A,Z)f^'^'^ 

n 4~ 

H\S\S^,Zf^^(-p^ ^ H\S,Zf^^^p^ D H^{A,Z)^^^^p^ 

\ Zoo, Z)free -> -f^^ \ ^oo , Z)free ^ TT^^ (jfz)+Tr ^ — ZL+ ' 



25 



Since (A^ H^iV, Z)(l))g corresponds to H^,iraiA Z), and ( <f>*H-^^.^ix!z)+§^^^^ zl+ ) o 
responds to H^j.^^{S, Z)'^^^^p\ by Proposition 14.21 we have the isomorphism 

H\Y, Z) 



cor- 



pnm \ 
2 



[/\H%V,Z){1) 



Gal (p) 




□ 



We denote by Ai the positive definite root lattice of type Ai, and by 1 the trivial 
lattice of rank 1. 

Proposition 5.9. There are isomorphisms of lattices; 



3 ^3 

{H^Z, Z), ( , )^) ^ (3 ■ 1) © (-3 ■ 1)®^ © Af 
{Hl,,jZ, Z), {,)z)^ (-3-^4) © AT © (- 
We define an alternating form on if ^ (A, Z) by 



-A, 



-A,f'. 



\e6 



{,)a: H\A, Z) X H\A, Z) Z; {a,, a^) ^ deg U «i U a^) n [A]) . 

Lemma 5.10 ([Ij (2.7)). There is a basis {vq, . . . , W4) of the Z[uj]-module H^{A, Z) such 
that 



[Vi,Vj) 



i A 



0<i,j<4 



/O 0\ 







\0 0/ 



0<i,j<4 





-1 











o\ 







1 



















1 



















1 





V 














1/ 



Proof of Proposition \5.S[ Using the basis in Lemma I5.10[ the class of the principal 
polarization is 



9 = -vo U covo + '^ViUuvi e H'^iA, Z). 



i=l 



We set r = 1^ G if^(y4, Q). Then r corresponds to the class of an incidence divisor 
on S, and H'^{S,Z) is identified with the sublattice in H'^{A,Q) generated by r and 
H^{A, Z). We define sublattices in H^{A, Q) by 

4 

Uo = ^ZviUuVi C H\A,Z), 
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f/o = Zr + f/o = Zr © T.ViV}ujVi C E^{A, Q), 

3 

f/o = T^{vQV}bjVQ + fiUa;t;i) © Z(?;i+iUa;t;i+i - fiUwi^j) C -f/'^(v4, Z) 



i=l 

and 

f/j,j = T^ViV}Vj © Zi;iUa;t;j © Zwi^jUt;^ © Zwf jUwt;^ C i/^(v4, Z) 
for < z < j < 4. Then we have orthogonal decompositions of lattices 

i7'(5,Z) = f/o© f/.,„ 
JS, Z) ^ ifj,, J A Z) = f/^ © f/,,, 

0<j<i<4 

which are compatible with the Gal (p)-action. The Gal (p)-action on t/g — 1 © (— 1)®^ 
and f/g — (—^4) are trivial, and the invariant parts of the Gal (p)-action on C/jj are 

— Z(^^0 U Vj + U bJVj + Wfo U t;^) © Z(f U tij + Wfo U + t^o U bJVj) ~ y42 

for 1 < j < 4, and 

^'''^ = Z(i;j U + uvi U j + uvi U f j) © Z(wj U Vj + U + U wt;^) ~ (—^2) 
for 1 < « < j < 4. Hence we have 

and 

Z)G-'(^), {,)s)^ {-A,) © © {-A,f\ 

By Proposition 15.41 we have the results for lattices H'^{Z \ Z^o, Z)free and H^j.^^{Z \ 
Zoo, Z)frce- In the similar way, the statements for lattices H'^{Z, Z) and H^j.^^{Z, Z) can 
be proved. □ 

Proposition 5.11. 



^H\X,Z) + 5^ ZL+ = {rH'^.,^{Z,Z))^. 
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Proof. The first equality has been proved in the proof of Proposition 15.71 Since 

L^Zqo 

we have 

which are sublattices of rank 28. We compute the determinant of these lattices. By 
Proposition 15.91 we have 

det Hl^^^iZ, Z) = t- det (-A4) ■ (det ^2)^ ■ (det (-^2))^ = 3^^ ■ 5, 

hence det {il^* H^^^^{Z , Z))-*- = —3^^ ■ 5. On the other hand, by Remark [3.61 we can di- 



pnm 

rectly compute the determinant of the sublattice (j)*H'^{X, Z)VY1il<^z^ ^-^^ H'^{Y, Z), 
that is 

det (^cj)*H^{X, Z) + ^ ZL+) = -3^^ ■ 5, 
hence we have the second equality. □ 



6 Neron-Severi lattice 

The Neron-Severi group NS {Y) of the surface Y is the subgroup of H^{Y, Z) generated 
by algebraic cycles. Since H'^{X, Z) is generated by algebraic cycles, 

NS (F)o = (j)*H\X, Z) + ^ ZL+ C H\Y, Z) 

is contained in NS(F). By the proof of Proposition 15. IH NSq (V) is a sublattice of 
rank 28 with the determinant —3^^ ■ 5. If there are no Eckardt points on X, then 
NS iY), = ZLezJ'Z'L^ + '^L-). 

Theorem 6.1. NS (Y) = NS (^)o for a generic cubic surface X . 

The idea of the proof is based on the theory of infinitesimal variations of Hodge 
structure O Section 3]. Let M C P(if°(P^, Cp3(3))^) be the space of smooth cubic 
surfaces, and let 3^ — t- be the family of the surface Y. We define a homomorphism 

by 

e : H\Y, fi^) Hom (T^([F]), H\Y, Oy)); 00 ^ ^ c{k{0 U lo)] , 

where Tm{[F]) is the tangent space of at [F] G A^, F is the fiber of 3^ — )• Al at 
[F] G M, k(0 e H\Y,Ty) is the Kodaira-Spencer class of ^eTv,([F]), and 

c : H\Y, Ty ® n].) H\Y, Oy) 

is the contraction homomorphism. We remark that C (8)z NS (Y) is isomorphic to the 
kernel of e for a generic [F] G Al. 



28 



Proposition 6.2. The homomorphism e : H\Y,n\.) Rom {Tm{[F]), H^{Y,Oy)) is 
of rank 16. 

The computation of the infinitesimal variations of Hodge structure for Y is given in 
Section [71 and Proposition 16.21 will be proved there. 

Proof of Theorem \6.1[ By Proposition 15.111 f^So^'(Y) torsion element, and by 

Proposition 16. 2[ the rank of NS (Y) is 28 for a generic cubic surface X. Hence we 
have ^So^Y) = for a generic X. □ 

Next we study the surface Y for the Fermat cubic surface X. Let X C P^ be the 
cubic surface defined hj F = Xq + ■ ■ ■ + x^. Then the triple Galois cover V of P^ 
branched along X is the Fermat cubic 3- fold defined hj F = x^ + ■ ■ ■ + x^ + x^. We set 
a point efj on V by 

e^j = {[xo : ■ ■ ■ : X4] G P'* I Xj + axj = 0, x^ = for G {0, 1, . . . , 4} \ {i,j}} 

for < 2 < j < 4 and a G C with a'^ = 1. The point efj corresponds to an elliptic 
curve £°^j on the Fano surface S of lines on V C by 

£° ={LeS I et, G L}. 

Theorem 6.3 (RouUeau [10], Theorem 3.13). For the Fermat cubic 3-fold V, the Neron- 
Severi lattice NS (5*) is of rank 25 with the determinant 3^®, and 

NS(5) = zr+ j2 (z^i+z^u+z^i:;), 

0<i<i<4 

where r is the class of an incidence divisor. 

By using Theorem 16.31 we compute the Neron-Severi lattice NS (Y) for the Fermat 
cubic surface X. The branch divisor B of the double cover (p : Y ^ X is the sum of 
the elliptic curves 

Bk = {[xo : ■ ■ ■ : X3] G X I Xfc = 0} 

for < A; < 3, because the Hessian of F is 6^X9X1X2X3. Let be the irreducible 
component of the ramification divisor R of (p : Y X which corresponds to B^., and 
let Efj be the irreducible component of the ramification divisor R which corresponds 
to the Eckardt point 

pKj) = {[xo- ■■■ -x-sjeP' \xi + axj = 0, Xfc = for G {0, 1, 2, 3} \ {z, j}} 

for < z < j < 3 and a G C with a'^ = 1. We remark that is an elliptic curve, and 
the irreducible decomposition of the ramification divisor is 

k=0 0<i<j<3 
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Remark 6.4. For a line L on the Fermat cubic surface X and an Eckardt point e on X, 
the intersection numbers on Y are computed by 




Lemma 6.5. There is an isomorphism 



NS (F) 



such that 



x(r) = 7r(0*L) 



a ^ 



for a line L on X, 
for < i < j < 3 and 



X{£L + £kA + ^m) = ^(Dk) for0<k<3, 
where n denotes the natural surjective homomorphism 

NS (F) 



TT : NS (Y) 



^Hl,^{X,Z) + Y.Lez^^L+- 



Proof. By Proposition 15. 4^ Remark 15.61 and Proposition 15. 7^ we have the isomorphism 
of Hodge structures 



and this induces the isomorphism 



H\Y,Z) 



NS (F) 



*Hl,,^{X, Z) + El^z. 



Since 3r = [^^(l)] = P*[Oz{l)] by ^ §10], and 7r(^*[Oz(l)]) = 7r(30*L) by Propo- 
sition [3]9l we have x(3r) = 7r(30*L). Since ^ttt^ — .^"^^^"^ TT-n: is torsion free, we 



have xl^) = 'n'{(j)*L). The triple cover p : S ^ Z induces a triple cover S^j — )■ 
for < z < j < 3, and an isomorphism Sj^^ "ipiDk) for < k < 3. These imply that 
X{£^,) = vr(E" ) and xi^L + ^Ia + ^m) = <D,). □ 
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Theorem 6.6. For the Fermat cubic surface X , the Neron-Severi lattice NS (Y) is of 
rank 44 with the determinant —3^"^, and 

NS(F)= 5^(ZL+ + ZL-)+ Yl i'Z'El^ + ^Ef^, + ^E^-) + ^A- 

LeZoo 0<j<i<3 0<A;<3 

Proof. By Theorem 16. 3[ we have 

0<«<j<3 0<fc<3 

By Lemma 16.51 we have 

NS (F) = 0* NS (X) + E E (Z^M- + Z^M- + Z^r^)+ E Z^'^' 

ieZoo 0<i<i<3 0<fc<3 

and by Remark 13.61 and Remark 16.41 we can directly compute the determinant of the 
lattice. □ 

Remark 6.7. The sublattice 

^(ZL+ + ZL-)+ Yl (Z4. + Z^r. + Z^^) 

LeZoo 0<i<j<3 

is of rank 44 with the determinant —2^-3^^, hence it is a sublattice of index 2 in NS (Y). 



7 Infinitesimal variations of Hodge structure 

In this section, we compute the infinitesimal variations of Hodge structure for the surface 
Y C r(P^), and we prove Proposition 16.21 The method is introduced in [9j as a theory 
of Jacobian rings. Let F = Y3 C C Yi C r(P^) be the varieties defined in Section O 
Let 

y-s c Mx r(p3) 

i ^ 

M 

be the family of the surface 13. Let 

K:TMm)^H\Y,,Ty^), 

be the Kodaira-Spencer map. By the duality, Proposition 16.21 is a corollary of the 
following proposition. 
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Proposition 7.1. The homomorphism 

TmHF]) ® H%Ys, ) H\Y3, ^^3); e ® ^ c(«:(0 U 
zs of rank 16, where c is the contraction homomorphism 

c : H\Ys,Ty, ® ^]^3) ^ H\Ys,n'Y^). 

Let iSp3 be the kernel of the homomorphism Ops V" — Qps ~ (9p3(l), where V = 
H^(P^, Op3(l)). Let iSa(p3) be the kernel of the homomorphism Ca(p3) —> Qa(p3). 
Then we have the natural exact sequence 

— > !^*5a(p3) ^ ^>*5p3 ^ !P'*Qa{p3) ^ ^*Qp3 — ^ 
of vector bundles on r(P'^), and we have the exact sequence 

Or(p3) ^ <P*S^s ® <^*Qa(p3) 

<?*(5^3 ® Qp3) © <^*(5;^(p3) ® Qa(p3)) ""-^"^ !^*'5;^(P3) ® ^*Qp3 — ^ 0. 

Since the homomorphism 

Tp3xA(P3)|r(P3) ^ <P*{S^3 ® Qp3) © !Z^*(5;^(p3) © Qa(P3)) """^"^ !^*5X(p3) © ^* Qp3 

is identified with the natural homomorphism to the normal bundle rp3xA(p3)|r(p3) ^ 
A/r(p3)/p3xA(p3), we have the exact sequence 

— ^ Cr(p3) A ^*5^3 © lf'*QA(p3) Tr(p3) ^ 0. (7.1) 

Let (xo, . . . , xs) be a basis of the vector space V = if°(P^, Op3(l)), and let {xq, . . . , x^) 
be the dual basis of {xq, . . . , X3). 

Lemma 7.2. 

-n lJ^2, Jr(p3)|y2j 



Proof. The natural homomorphism (9r(p3) © V"^ © V ^ ^*i5p3 © 1^*Qa(p3) induces the 
isomorphism ®V ^ iJ°(r(p3),<P*5^3 ©!^*Qa(P3)). By the exact sequence dZTI]), we 
have 

ifO(r(p3),Tp(p3))^-^^^^, 

and we can prove that iJ°(r(P^), Tr(p3)) ~ /f°(F2, ^r(p3)|y2) by the restriction. □ 
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We define filtration on Sym^ Qa(p3) by 

FiF = FiF ^* Sym^ Qa(p3) = S^' ® ^* Sym^"* Q^(p3) c ^* Sym^ Q^(p3), 

where <S denotes the hne bundle defined as the kernel of the homomorphism ^*Qa(p3) 
^*Qp3. For G e Sym^y, we denote by [G]i the image of G by the natural homomor- 
phism 

Sym^y^//°(A(p3),£iL), 

and denote by [G']i,y^ its restriction to H^iYj, ). We remark that Yj is the zeros 

of the regular section and if i > j then [i^]j,yj is contained in H'^{Yj, ^§i\y)- ^® 
define the sheaf of Oyj-modules J\f as the cokernel of the homomorphism 

[Fk^, Fil° 
(^y^ ^ly.- 

We remark that Tr(p3)|y2 is a quotient bundle of ® V"^ <S> V, and A/" is a quotient 
Oyj-module of Oy^ (H) Sym^ V. And we can check that the homomorphism 

dF 

u-.V" ^ Sym^ V; A ^ A— 

dxi 

induces the homomorphism 

7r(p3)|y2 — > A/"- 
Lemma 7.3. There is an exact sequence 

0^TY,{-logY^)^Tr^p3^\y, -^M^O. 

Proof. By the definition of N", we have the exact sequence 

Ny^iy^ ^ AAy2/r(p3) 0, 

where we remark that A/y2/r(p3) — fn^'ly^) ^-^id My^IYi is the cokernel of the homomor- 
phism 

Fil' I 

Since the kernel of the composition Tr(p3)|y2 — )■ A/" — )■ A/y2/r(p3) is identified with Ty2, we 
have the homomorphism Ty^ — )■ My^/y^ and its kernel is identified with Ty2 (— log Y^). □ 

Lemma 7.4. 

V ® Sym' V 



H\Y2,J\f)c^ 
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Proof. By the homomorphism 

^* Sym^ Qa(p3) — > 'P*Qp2®^* Sym^ Qa{p3); abc i — > T{a) ®hc + T{h) ® ca + t{c) ® ah, 
we have the isomorphism 

Fil° 



- <?*Qp2 ® ^* Sym" Qa(p3). 
r ll 

The natural homomorphism Or(p3) ®V ® Sym^ V — t- ^*Qp2 (g) ^* Sym^ Qa(p3) induces 
the isomorphism 

Fil° 

V ® Sym^ V ~ if°(r(P=^), ^*Qp2 ® <Z/'* Sym^ Q^p,{) ~ /7°(r(p3), _), 

Fil 

and we can prove that 

Fil° Fil° 

By the exact sequence 
we have 



□ 



Lemma 7.5. T/ie kernel of the homomorphism 

H\Y2,TY,{-\ogY3)) ^ H\Y,,Tr(^ps)\y^) 
is identified with the cokernel of the infective homomorphism 

dF -J" ^ d^F 
6ou:V^ ®V — Sym^ V] ®A\ — ^A® — + A—^—. 

Proof. By the exact sequence in Lemma 17. 3^ we have the exact sequence 

i/°(y2,Tr(p3)|yJ ^ H%Y,,Af) H\Y,,Ty,i~\ogY,)) ^ //^(Fs, Tr(p3)|yJ. 

By Lemma 17.21 and Lemma 17.41 we can check that -ff'^(l2; ^r(p3) lyj) H^iXi-,'^) is 
induced by the homomorphism 

®V V®^ym^V V . . dF B'^F 
=^ > x) (^A\ — > A(^ — +y A—^—. 

c-Eto^y®^^ c-Elo^^®£ ' t-o ^^^^^^ 
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We remark that the homomorphism Sov is the composition of injective homomorphisms 
u-.V^V^ Sym^ V and 

□ 

Remark 7.6. Since i?^(l2, 7V2(— ^3)) = 0, the homomorphism 

H'{Y2,TY,{-logYs)) ^ H\Ys,Ty,) 

is injective. 

Lemma 7.7. The Kodaira- Spencer map n : Tm{[F]) H^iY^jTys) is computed by the 
homomorphism 

and its image i<i{TM{\F])) is identified with the cokernel of the injective homomorphism 
u-.V'^V^ Sym^ V. 

Proof. Let (F, d, . . . , Gig) be a basis of Sym^ V ~ //o^P^, Op3(3)). We have a local 
coordinate of M at [F] e M G P{H%P\ Cp3(3))^) by 

C^^ P(i/°(p3,Cp3(3))^); 
(//1,...,/Xi9) I — > F - Y^]l^ i^id, 

and the tangent space of M at [F] is identified with ^^^^ by 



Sym^\/_ (9 



TmHF]) — ^ G,-. 



We have the commutative diagram of exact sequences 

^ ^ Ty,\Y, Oy,(^Tm{[F]) 

II 4' ^ 

— > — > rr(p3)|y3 — > AV3/r(p3) — > 0, 
where Ty^ly^ — )■ Tr(p3)|y3 is induced by the natural projection and k is defined by 
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We can compute the homomorphism k by 
and K induces the homomorphism 



□ 



Lemma 7.8. H'^{Y2, (^*Qp3 ®Tr(p3)) lyj) Z5 naturally identified with the cokernel of the 
injective homomorphism 

3 

a:V®V — >V ^V"^ A®B\ — > ^(x^ ® ® A + B ® x( ® x.i) 

1=0 

Proof. By the exact sequence 

— ^ >^*Qa(p3) — > <P*Qp^ ®V''(^ ^*Qa(f^) ^*(Qp3 ® 5^3) ® I^-^Qacps) ^ 0, 

iJ°(l2, (^*(Qp3 ® iSps) ® !^*QA(p3))|y2) is identified with the cokernel of the injective 
homomorphism 

3 

Xq-.V — yV^V^^V; At — >^Xi^ x'^ ^ A. 

1=0 

By the exact sequence (17.11) . we have the exact sequence 

0^^>*Qp3 ^<?*(Qp3®5^3)®!P'*Qa(p3) -^<?*Qp3 ®Tr(p3) ^0, 

and H'^(Y2, {(P*Qp3 ® Tr(p3))|y2) is identified with the cokernel of the injective homo- 
morphism 

V — — ; B ^^B(g)x^ 0x^. 

^^^^> ^=0 

□ 

Lemma 7.9. iJ°(F2, (^*Qp3) |y2 ® A/") is naturally identified with the cokernel of the 
injective homomorphism 

(5:V ®V — > Sym^ V ® Sym^ V] A® B \ — > ^(7^ ® Axi + Bxi ® — ) 

^-^ ^ OXi OXi ' 

i=0 * * 
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Proof. By the exact sequence 
(5^ ® ^* Sym^ QA(p3))|y, '^'^ {<P*Qf, ® ^* Sym^ QA(p3))ln 

if0(y2, (^*Qp3 ® _f||^)|yj ^ //°(F2, (^*Q^3 ® Sym^ QA(p3))|yJ is identified with the 
cokernel of the injective homomorphism 

[F]2 : r — ^ Sym^ V ® Sym^ 1/; A ^ V — ® Axi. 

By the exact sequence 

(^*Qp3)|y, ' (<?*Qpa ® —3)1^^ — > (^*Qp3)|y, ® A/" — > 0, 
if'^(y2, (^*Qp3)|y2 ® A/") is identified with the cokernel of the injective homomorphism 

V — y ; B I — y yBxi® —. 

[FUV) dxi 

□ 

Lemma 7.10. if^(F2, ^y2(log Y3)) is naturally identified with the cokernel of the injec- 
tive homomorphism 

dF ^ d"^ F 

z/i : V^V'^^V — y Sym^roSym^ V^; AOx^OE 1 — y AS ® -— + (g) E — — — . 

■' OXi OXiOXj 

Proof. Since 

fi^^QogFa) ^ ^^f.,(F3) ®Ty,(- log F3) ^ (^*Qp3)|y2 ® Ty,(- log^s), 

we have the exact sequence 

^^^.(logFs) (^>*Qp3 ® Tr(p3))|y, ^ (<?*Qp3)|y2 ® A/" 

by Lemma [7. 3[ and we can check that H^{Y2, (^*Qp3 ® Tr(p3))|yJ = 0. By Lemma [7.81 
and Lemma [7l9| H^{Y2., (log 13)) is identified with the cokernel of the homomorphism 

V^V" ®V Sym^ V ® Sym^ V . ^ ^ a dF . d^F 



A®x)®B\ — y AB® — + y^ Axi®B- 



a{V®V) (5{V®V) ' ^ dxj ^ dxidxj 



and it is injective because H^{Y2, fly^ilogY^)) = 0. Since the homomorphism z/i induces 
an isomorphism a{V © V") ~ P{V © V"), the homomorphism Ui is injective. □ 
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Proof of Proposition \7.1\ By Lemma 17.71 and Lemma I7.10[ we have a commutative di- 
agram of exact sequences 



1 ® z/ I I Ui 

yoSym^l/ ^ Sym^ 1/ (g) Sym^ \/ 

; i 

i 
0, 

where we remark that 

Sym^ V ® Sym^ 1/ 
and the homomorphism (5i is defined by 



H\Y2,nl.^{\ogY,)) C H\Ys,nl^.^) 



^ dB 



6i:V ® Sym^ V — > Sym^ V Sym^ V; A(^B \ — Axi® —. 



i=0 



Since 5i is injective, the homomorphism H^iY^^VLy^) ® k{Tj^{\F])) — )• H^iY^^VLy^) is 
also injective, hence the dimension of its image is equal to 16. □ 



References 

[1] D. Allcock, J. Carlson and D. Toledo, The complex hyperbolic geometry of the 
moduli space of cubic surfaces, J. Algebraic Geom. 11 (2002), 659-724. 

[2] J. Carlson, M. Green, P. Griffiths and J. Harris, Infinitesimal variations of Hodge 
structure (I), Compos. Math. 50 (1983), 109-205. 

[3] H. Clemens and P. Griffiths, The intermediate Jacobian of the cubic threefold, Ann. 
of Math. (2) 95 (1972), 281-356. 

[4] A. Collino, The fundamental group of the Fano surface. Algebraic threefolds. Lec- 
ture Notes in Mathematics 947 (1982), 209-218. 

[5] W. Fulton, Intersection theory, second edition. Springer, 1998. 



38 



[6] P. Griffiths, On the periods of certain rational integrals. I and II, Ann. of Math. 
(2) 90 (1969), 460-495, 496-541. 

[7] E. Horikawa, Algebraic surface of general type with small of . Ill, Invent. Math. 47 
(1978), 209-248. 

[8] A. Ikeda, The varieties of tangent lines to hypersurfaces in projective spaces, 
larXiv:1012 .2186 [ 

[9] A. Ikeda, The varieties of intersections of lines and hypersurfaces in projec- 
tive spaces, "Higher dimensional algebraic varieties and vector bundles," RIMS 
Kokyuroku Bessatsu B9 (2008), 115-125. 

[10] X. RouUeau, Elliptic curve configurations on Fano surfaces, larXiv: 0804 . 1 86 1 1 
[math. AG] (2008). 

[11] B. Segre, The Non-singular Cubic Surfaces, Calarendon Press, Oxford, 1942. 

[12] A. Tjurin, The geometry of the Fano surface of a nonsingular cubic F G P'^ and 
Torelli theorems for Fano surface and cubics, Math. USSR Izv. 5 (1971), 517-546. 



Graduate School of Science 
Osaka University 
ToYONAKA, Osaka, 560-0043 
Japan 

E-mail address: atsushi@math.sci.osaka-u.ac.jp 



39 



